Chapter 5

Applications

The scientist does not study nature because it is useful; he studies it because
he delights in it, and he delights in it because it is beautiful. If nature were
not beautiful, it would not be worth knowing, and if nature were not worth
knowing, life would not be worth living. Of course I do not here speak of
that beauty that strikes the senses, the beauty of qualities and appearances;
not that I undervalue such beauty, far from it, but it has nothing to do with
science; I mean that profounder beauty which comes from the harmonious
order of the parts, and which a pure intelligence can grasp.
Henri Poincaré

It becomes plausible that many, perhaps all, of the processes upon
which life is based are algorithmically describable and that, therefore, life
itself is achievable by machines.

Christopher Langton

Cellular automata have applications to many diverse branches of science,
such as biology, chemistry, physics and astronomy. In the models that fol-
low, we are able to accurately reproduce many physical phenomena when we
attempt to emulate the underlying mechanisms in the setting of a cellular
automaton. And this approach has some virtues. According to Ermentrout
& Edelstein-Keshet [1993]: “CA models are fast and fairly easy to imple-
ment. Furthermore, the visual feedback they provide is striking and often
resembles the pattens experimentally observed. These two aspects of CA
modeling are its biggest advantages over more traditional approaches. CA
are thus an excellent way of formalizing a theory of purported mechanism
into computational terms. This is an important first step in the understand-
ing of any physical process.”

In ancient China, patterns appearing naturally were referred to as /i, and
were thought to represent an underlying order in the world. Some of the ones
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described in the sequel can be found in the charming little book by David
Wade [2003]. One of the first attempts to mathematically recreate forms
found in Nature using simple rules, was demonstrated by Alan Turing in a
seminal work in 1952. Turing’s inhomogeneous patterns were formed by the
changing spatial concentrations of two chemical reactants in a solution and
were described by a set of ‘reaction-diffusion’ equations. These equations in
two-dimensions describe how the two reactants having concentrations u and
v respectively change with time:
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where f and g are the reaction terms, and the diffusion terms are represented
by the Laplacian operator A = % + 8‘9—;2 times (diffusion) constants d,d'.
This sort of interplay lies at the heart of various CA models such as the first
three models in the sequel.

5.1 Excitable Media

This term refers to a group of models that are characterized by a transition of
a cell’s state following a basic pattern: a quiescent state transits to an excited
state, then to a refractory state before returning again to the quiescent state
from which the cell can become excited again, and so forth. These models
all tend to exhibit waves of various forms.

5.1.1 Neural Activity

Our first example is a cellular automaton model for generating waves, say to
heuristically model a network of neuron excitation and recovery, and is due
to Greenberg and Hastings [1978]. We have already seen a special case of
this model in Silverman’s Brian’s Brain. Either the von Neumann or Moore
neighborhood (as in Brian’s Brain) is considered. Each cell (or neuron) in
a rectangular lattice has a ‘quiescent’ state’= 0, ‘excited states’ = 1,2, ....e
and ‘refractory states’ = e+ 1, e + 2, ..., e + . Note that in Brian’s Brain,
there was one excited (= ‘firing’) state and one refractory state. The G-H
rules are as follows:

e a cell in state k, for 1 < k < e+ r — 1, at the next time step becomes
state k + 1;

e a cell in the last refractory state e + r at the next time step becomes
state 0;

e a cell in the quiescent state 0:
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— at the next time step becomes the excited state 1 if one or more of
its neighbors is in an excited state;

— if none of its neighbors is in an excited state, then at the next time
step its state remains O.

Interpreting the quiescent state as ‘susceptible’, the excited states as
‘infectious’ and the refractory states as ‘immune’, Birgitt Schonfisch [1995]
has developed a similar epidemiological model whereby a susceptible indi-
vidual becomes infectious with a certain probability that depends on how
many neighbors are infectious, rather than simply if one or more neighbors
is infectious. Deterministic examples are presented in Figures 5.1 and 5.2.

Figure 5.1: In this Greenberg-Hasting model using the von Neumann neigh-
borhood, there are 5 excited stages (red) and 5 refractory stages (gray) with
the transition at each stage from darkest to lightest. White is the rested
state. At least 3 excited neighbors are required for a cell in the rested state
to become excited. The figure shows the initial configuration (left) and af-
ter 36 iterations (right). Waves are generated in the center of the figure
and grow and move outwards. Courtesy Birgitt Schonfisch, University of
Tiibingen.

The first two conditions of the Greenberg-Hastings model can be consid-
ered as the ‘reaction’ phase and the third condition is the ‘diffusion’ phase.
Simplified versions can have one excitatory state and/or one refractory state.
In the simplest version we have: ‘quiescent’ = 0, ‘firing’ = 1, ‘refractory’
= 2, so that we can formulate the Greenberg-Hastings reaction(R)-diffusion
(D) process as:



114 CHAPTER 5. APPLICATIONS

Figure 5.2: In this Greenberg-Hasting model using the von Neumann neigh-
borhood, there are 2 excited stages (red) and 3 refractory stages (gray). As
above the transition at each stage is from darkest to lightest. White is the
rested state. At least 2 excited neighbors are required for a cell in the rested
state to become excited. The figure shows the initial configuration (left) and
after 19 iterations (right). Waves are generated in the center of the figure
and grow and move outwards. Courtesy Birgitt Schonfisch, University of
Tiibingen.

cij(t +1) = Rlei j()] + Dlei-1,5(t), civ1,5(t), cij—1(1), cij+a(t)],

where

. 2 if C@j(f) =1 . koif C@j(f) =0
R = { 0 otherwise D= 0 otherwise

and k£ = 1 if at least one of the von Neumann neighbors is firing and £ = 0
otherwise.

As one would expect, varying the parameters leads to different wave
forms propagating outwards (Figure 5.2).

A interesting reversible G-H model can constructed by using Fredkin’s
idea of subtracting the state of the central cell at the previous time step
(Tamayo & Hartman [1989)]):
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Figure 5.3: This is the regular regime at time steps 20, 80, 120, 150 (1 to r
respectively). The initial conditions are: cell (50,40) is firing and all others
are quiescent. The array is 160 x 160 with periodic boundary conditions.

cij(t+1) = Rleij(1)] + Dlei—a,j(8), civ,5(1), cijj—1(1), i (t)] — cij(t — 1),

where the sum is taken mod 3 and the reaction-diffusion parts are the same
as in the preceding. Here the initial conditions are quite significant as they
are preserved in the subsequent dynamics. The authors have identified three
basic regimes that the system eventually falls into:

Regular regime (Figure 5.3). Here regular wavefronts move about in an
unperturbed environment.

Random regime (Figure 5.4). Regularity gradually breaks down and
gives way to randomness lacking any structure.

Turbulent regime (Figure 5.5). Ring-like structures emerge and form
around source and sink regions that gradually become diffused.

5.1.2 Cyclic Space
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Figure 5.4: This is the random regime at time steps 50, 500, 1400, 2000 (I
to r respectively). The initial conditions are: cell (40,40) is bring, (41,40) is
refractory, and all others are quiescent.

Another interesting wave generating model similar to the preceding one was
created by David Gri eath of the University of Wisconsin and dubbed the
Cyclic Space cellular autonaton by A.K. Dewdney in his Scientibc American
column of August 1989. Again we employ a rectangular grid with each cell
taking state values Q 1, 2,... up to a maximum value of m and we can use
either the 4-cell von Neumann or the 8-cell Moore neighborhoodThe array
is then initialized with all cells taking on a random value from O to m. The
rules for the automaton are:

« if a cell in state k, for 0 k <m, has any neighbor with state value
k + 1, then at the next time step the cell takes on the valuek + 1;

* if a cell has the maximum state valuem and if any neighbor has the
state value 0, then the cell at the next time step takes on the value 0;

« the cell state remains unchanged if there are no neighboring cells meet-
ing the required conditions.

Note the similarities with the Greenberg-Hastings model. The second



